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Thelaminarccxqpressible
isothemalsemi-infiniteflat

EmmRY

boundarylayerandheattransferoveran
platemovingwitha time-dependentveloc-

ityhasbeenanalyzed.First-orderdeviationsficmthequasi-steadyve-
locityandtemperatureprofilesandboundary-@ercharacteristicshave
beencomputed.Fora plateoscillatingabouta steadyvelocim,itis
shownthatthemaMma of sldn-frictioncoefficientandlocalheat-
transferrateareoutofphasewiththeplatevelocity;theskinfric-
tionleadsby saglesnotexceeding45°forpermissiblevaluesofthe
frequencyparameter,whereastheheattransferisalmostti@ase with
theplatevelocityforverysmalllhchnumbersbutdependssignificantly
ontheMachnmber,plAte to stresmtemperatureratio,andfrequencyfor
higher-speedflows~-

IN’’I33ODU(ZT.ON

Uhtilrecently,studiesofunsteadyIaninar
limitedeithertotheearlystagesofthemotion
sientstate)orto oscillatorymotionswithouta

boundarylayerwere
(i.e.,tothetran-
meanflow.Thefluid,

furthermore;wasassumedtobe incompressible.Moredetailedinvesti-
gationswerenotmade,becauseitwasfeltthattheboundary-layer
growthoccmzcedin soshorta periodoftimethat,forengineeringpur-
poses,theflowcouldbe assumedsteady.However,inmanypresent-day
applications,considerationmustbe giventotheunsteadyeffectsfor
longperiodsoftimeandforhigh-speedflowsinwhichcaupressibility
is *ortant. Forexample,thesldnfrictionandheattransferofthe
usualrocketmissilemustbe regardedasunsteadyforitsentirefMght
becausethefldghtspeedvariescontinuouslyovertheentiretrajectory.
Othercasesofimportanceinthisregardincludebladesrotatinginnon-
uniformairstresms,unsteadynozzleflow,andoscillatingwings.

—. —...—— -— .—— . . - .— —— .—.——— -—



NACATN 3569

Accordingly,theunsteadylsminarcompressibleboq layerover
an insulatedsurfacewasanalyzedinreference1. Thedevelopment
thereinisforcontinuousthe-dependentvelocitiesofthebody,and
umiversalfunctionsarepresentedfrm whichthedeviationsoftheve-
locityandtemperateprofilesfromthequasi-steadystatel-canbe
determined.

To determinetheeffectsoffree-stresmfluctuationsonbothskin
frictionandheattransfer,thecaseoftwo-dimensionalincompressible
flowabouta fixedcylindricalbodyistreatedinreference2 by anin-
te~almethod.

h thepresentpaper,preparedattheNACALewislaboratory,con-
siderationisgiventothelaminarcompressibleboundarylayerandheat
transferovera semi-infiniteflatplatemaintainedata uniform(both
temporallyandspatially)temperatureandmovingwitha continuousbut
otherwisearbitrarytime-dependentveloci~. Thesolutionsareobtained
asa seriesabouttheqyasi-steadystate.Theanalysispresentedhere-
in,therefore,extendstheresultsofreference1 to iucludetheeffects
ofheattransfer.Thepresentstudyalsorepresentsa moreexacttreat-
mentincludingccmpressibili~effectsofa stmilar2problemtreatedin
reference2.

ANALYSIS

~SiC Eqyations

ConsiderationisgivenhereintotheI..sminarflowandheattransfer
aboutanisothermalsemi-infiniteflatplateinrectilinearfUght
throughstill&; theflightspeedistobe time-dependent.Forthis
flowit ispresmedthatthePrandtlboundary-lsyerassmnptionsare
valid,and,inparticular,thepressureis constantthroughoutthe
fluid.IfitisfurtherassumedthatthePrandtlnmber andspecific

%hen theboundarylayeratanyinstantisthatappropriateto
steadyflowattheinstantaneousvalueofthestreamvelocity,the
flowissaidtobe quasisteady.

2Theclassofbodiesconsideredinreference2 ismoregeneral
thanthatconsideredherein.
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heatsreconstant,theequationsgoverningtheflowandheattransfer
ina compressibleviscousfluidare

r -z+,:) =$(p:)
‘%+uax

(~+fiae -a~‘)=+A!!3’M3’‘at X+vaY 1
pe= Const

J

wherethesymbolsaredefinedinappendixA.

(1)

Theseequationsarewrittenfora rectangdarcoordinatesystm
whichis stationaryinthefluid.Theplate,therefore,moveswitha
velocityU(~)inthenegative~-direction,and ~ ismeasurednormal
tothepl.ate(seefig.l(a)).Theoriginofcoordinatesistakento
be theleading-edgelocationat ~ = O.

Theseequationsmaybe writteninanothercoordinatesystemfixed
withreferencetotheplate,withtheoriginattheleadingedge(see
fig.l(b)).Theappropriatetransformationsforthischangeof coordi-
natesare

Eqmtion(1)thenbeccnnes

iv ).p=$ ‘u

af31a
5) (‘s& p
pe= Const

(2)

- — ——— ——— -—
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Thevaxiationofviscositywith
.

temperateisapproxhatedby

as isdiscussedinreference3. The
ingequation(3)withtheSutherland
Ifthematchingisdoneatthewdlj

(3) “

constantC is obtainedbymatch-
formulaat scmeappropriatepoint.

Themomentumequationcanbemadeindependentoftheener~
meansofthetransformation

Y
Y ~

J

~ w; x=x; T-t

o

equationby

whichis similaxtothatusedinreference4. Furthersimplificationof .
thebasicequationswillresultfrcmtheintroductionofa stresmfunc-
tionas inreference1:

andthedefinition

(7}

Applicationof equations(4)to (7)to equations(2)yields

.- — —. .—. — -— -- - -.— —.—
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Theappropriate

Forthecaseof

boundaryconditionson ~ are“

VY(X,=,T)= *y(0)y)T)= U(T)

VY(V,T) = V@O,T) = O

an isothermalsurfaceas consi~ed
conditionson @ are

t9(X,C0,T)’=@(O,Y,T)= O

O(X,O,T]= 1

(9a)

(9b)

herein,theboundary

(lea)

(lOb)

It shouldbenotedthatinitialconditionswouldhavetobe addedto
theseboundaryconditionsifthe
describedproperly.However,in
thatstificientthe haselapsed
longeraffecttheflow.

early stagesofthe
thepresentproblem
sothattheinitial

motionaretobe
itisassumed
conditionsno

solutions

Thesolutionsoftheboundary-valueproblem(specifiedbyeqs.(8)
to {10))describingtheflowandheattransfer.ofan isothermalsemi-
imfiniteflatplatetravellngina compressibleviscousmediumwitha
speedthatmayvarywiththe ina differentiablebutotherwisearbi-
tr~manner willbe obtainedby a methodsimilarto thatofreference
1. Thatmethodisappropriatelymodifiedhereinto includetheeffects
ofheattransfer.

Parameters.- Itisdesirableto determinethegovemdngparameters
beforeattemptingto obtaina solution.Reference1 notedthatthedi-
mensionlessparameters

~. x%” ,;X%@
+’7”” ~“””

(U)

canbe formedfrcmthecoordinatealongthesufaceandthestresmve-
locityanditsderivatives.TheReynoldsandMachnumbersare,of
course,alsopertinent.Physically,thequantities(n) representthe
ratioofthetimereqyiredfora changeof sanephysical.quantity(e.g.,
velocity)attheboundary-layeredgeto diffusethroughoutthelayerto
thetimethatis characteristicofa variationofthefreestreamatthe
boundary-layeredge.Hence,thequantities(I-1]area measureofthe
pranptnesswithwhichtheboundarylsyerrespondsto impressedchanges.
Ifthequantities(Id.)areverysmall,theflowcanbe consideredtobe
quasisteady;thatis,theboundary@er at anyinstantisthatappro-
priateto steadyflowhttheinstantaneousvalueofthestresmvelocity.

. .—. — -.-— —. - —.—_. —
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*

significanceoftheparameters(Il.)canbemadeclearer,per-
considerationofa specialcase.Foruniformacceleration, .

forexample,U = AT;andthequantities(IL)reduceto a singleparame- .
ter ~ ~ X/@, whichis equivalenttotheratioofthedistanceaftof
theleadingedgetothedistancetraveledbytheplate.For ~ >> 1,
theeffectoftheleadingedgehasnotyetbeenfeltatthestationX;
andreference1 pointsoutthatthesolutionforthisconditioncorre-
spondstotheinitialmotion.If ~<< 1,thegrowthoftheboundary
layerwith X mustbe considered;andreference1 showsthatforthis
casetheflowisnearlyquasisteady.Returningto theearlierinter- mg
pretationof (n), itis clearthat,ifthevelocityisincreasing,the
boundarylayerat a fixedpointontheplatebecanesprogressivelythin-

m

nerand,hence,respondsmorequicklyto chsngesatitsouteredges.
Thistrend tendsto establishquasi-steadyflow.

Shplificationfornearlyquasi-steadyflows. - Inaccordwithref-
erence1, if considerationisrestrictedtoa stageofmotionwherethe
flowisnearlyquasisteady3,thestresmfunctionmaybe definedas

Ywhere a~ ~
d
&-cn arefunctionsof
m

thedeparturefianthequasi-steadystate.The

. .) (lz)
.

X,T thatcharacterize

explicitdefinitionsof
the K= aredeterminedinthe-courseoftheanalysis.Thetiension-
lesstxzuperatm?edifferencecannotbe expressedintheumalmanner(see
ref.3) intermsoftwofunctions,oneofwhichsolvesthethermometer
(i.e.,insrilatedplate)problemandtheothercorrectsfortheheat
transfer,sincetheadiabaticwalltemperatureisa functionofboth X
and T herein.Therefore,let

(I-3)

%he motionintheearlystages,thatis,beforetheflowbecomes
qmsi steady,istreatedforseveralconfigurationsinreference5. For
thiscase,theinertiatermsandthex-dependencevanish.

—— —..
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Substitutionofequations(12)and(I-3)intoequations(8)yields

w
-1

ti
(14)

Equations(15)and(16)arecorrectonlyifthequantityCv= is con-
stant. Forthecaseconsideredherein(constant19w),equation(4)
showsthat Cvm isindeedconstant.Theboundaryconditions(eqs.
(9)and(10]),intermsofthedefinitions(12)and(13),=e

h(=,[n)= O; h(O,~n}=1 (18)

S(c=,cn)= o; ‘(”)Cn)= 0 (19)

Sincenearlyquasi-steadyflowssreassumedhere,no initialconditions
needbe specified.

Eqyations(14)to (16}canbemade
of u and && 0~) by defin@

self-consistent(i.e.,functions

Thesedefinitionscorrespond.
tioofdiffusiontimetothe

>

tothequantities(lI);and,sincethera-
characteristicfree-streamvariationtime

——.— . — --e .
—
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.

givenby (20)areassumedsmallrektivetounity,
and s maybe expandedas follows:

.

f(a,gn)@3)+ ~ofo(a)+~lfl(u}+...+g:foo(u)-k...+LoclfoJa)-I-...

(21)

(23)

A discussionofthema.gnitudesofthe ~n ispresentedinreference1.
Itistherepointedoutthatimpracticalsituationstherequirementof
mall cn is commonlymet;and,furthermore,the (n generallyforma .

diminishingsequence,providedthat U(T)isa differentiablefunction.
Thelimitationsforsmall ~n forvariousspecificU(T) ared-sodi~- .
cussedinreference1.

Su3st.iinrti.ngequations (ZL} to (23)titoequations(14)to (19)
andcollectingcoefficientsofthevariouspowersandproductsofthe

f:’

order cl)

F~f!.+FF”=O (24a)

2F’f~+3F”fo= - 4(2- F’)+ 2al?” (24b)

-my a’f{ + 5F”f1= 4f; (24c)

.

.

.

F’(=)= 2; F’(O]=F(O} =0

f’(a)= f;(o)= fn(o)= on

r+l?rlm~=o

h; +FrFht- 2PrF’ho
0 ,=PrH’(2u- 3fo)

(25a)

{25b)

(26a)

(26b)

—.——.
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04is
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1
.

$

Y + Pr~ - 4FrF’~= Pr(tiO- 5H’fl)
.
.
.

H(a)= O; H(0)= 1

%(=} = %(0) = o

S“I-F&FEt+ ~ (F”)2= O

“ -f-FrFs’-‘o o ~F’so = Pr(2uSt1-8S - F“f&- 3S’fO)

+’ -t-PrFs+- ~~*S, = 2r(4sn -
.

Equations(24a),
equationsappropriate

.

.

S(-}= s(o)= o

‘n(m)=sn(0) =O

F“f:- 5s’fl)

(25a),(26a),(27a),(28a),and(29a)srethe
forsteadyflow,where,of course,F isthe

Blasiusfunction,where H describes-thet&peratured&kribution
foranisothermalplateifthedissipationisneglected,andwhere

S(IJ}= R(u}- R(O)H(a)

(26c)

(27a)

(27b)

(28a)

(28b]

(28c)

(29a)

(29b)

(30)

The R(U)isthesolutionforan insulatedplate,and R(0)isthere-
coveryfactor.ThefunctionsF,H, and R aretabulatedinnumerous
papers;forexample,F and H canbe foundinreference6,and R is
giveninreference1. Sincethecitedequationsrepresentsteadyflow,
equations(21)to (23),accordingly,indicatethatforsmalJ_~n the
lsminarcompressibleboundarylayeronan isothermalflatplateis
nearlyquasisteadywithrespecttoboththeveloci~andtemperature
distributions.Hence,thefirst-orderdeviationsfromthequasi-steady
casewillbe determinedby solvingequations(24b),(24c),(26b),(26c),
(28b),and(28c)withtheirassociatedboundaryconditions.

SolutioMofmomentumeqtitions.- Sincethemcmentumeqmtionwas
madeindependentoftheenergyequationby thetransformationgivenby
eqpation(5),thesolutionsofequtions(24)and(25)arenotaltered
by a changeinthethemalboundaryconditions.Therefore,thefunc-.
tionsF, fo,fl,andtheirderivativesforthecaseofanisothemal
plateconsideredhereinareidenticaltothoseforan institedplate

.
.—-— — -—.—— —-— -—————— —-— -——— —.— ———— -— .—. —--—-—-—



as treatedin reference1. Thefunction F anditsderivatives,ashasbeenstated,are tabu-
latedfor Fr = 0.72 in reference6, and the functions fo, fi, and theirderivativeswere de-
terminedfor W = 0.72 by directnumericalintegrationin reference1 aud are presetied
therein.

Bolutionsof eneruyequationa.- The solutionof equations(26a)and (27a}is lmownand
as has been stated,is tabulatedin reference6. The function H is presentedin tableI(a\
and figure2(a)of thisreportfor canpleteness.The &unction S, presentedin tableI(b)and
figure2(b),is determinedfrcm equation(30)usingthe known H and R, the latterbeingtab-
ulatedfor Fr = 0.72 in reference1. The remddng ener

~ ‘~~~~”~~~~~s%%’forboundaryconditio~ (eqs.(26b),(26c),and (27%},and (28b,
Fr . 0.72 by the numri.calintegrationmethd describedin detailin appendixC of reference1,
An outlineof the methodis presentedhereinin appendi.xB. The functionsho and hl are

presentedfor Fr = 0.72 in tableI(a)and fig-n?eZ(a),and so and S1 for R’ = 0.72 m
givenin tableI(b)and figureZ(b).

UN31EDY BOUEDW-W CHARACITKL3TICS

Velocityand Temperate -files

The velocityand &nperature distributionscanbe obtainedfrcm

e-em U2

[
s + co% +2%(:2- e=d[ U2

so +Llhl+ z—= H+2@(% -@.)
ew -“em

1
~(ew - ‘Q’ ‘1 “ “ “

The relationktween y and U is

.

, 3743 ,
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ThefunctionsF and fn areindependentoftheMachnumber.
Hence,theveloci~profileisthickened(orthinned)becauseofcom-
pressibility.me specificeffectcanbe determinedfkomtheprece~
relationbetweeny and u anddependsonthetemperatureratioand
theMachnumber.Theunsteadyeffectsareassociatedwiththeterms
containingthe ~n. ThefunctionsH,~, hl,S, SO,and S1 associ-
atedwiththet@peratmqprofilearepresented& figure2.

Skinltriction

Thelocalskin-fYictioncoefficientmaybe writtenas

whereTw = [P(~@Y)]. isthe~ shearstress.substitutingthe
valuesof F“(O),f~(0),and f~(0)for Pr= 0.72 giveninreferences
1 and6 yields

7/[cv=
Cf = o.6641 .1~1+2.555~o-l.414~1 +..”. (31)

Equation(31)hasthesameformasitscounterpartforaninsulatedsur-
faceasgiveninreference1,buttheskinflrictiondoesdifferforthe
caseofheattransfer.Theeffectofheattransferisaccountedforby
theconstsmtC (seeeq.(3)).I!romequation(4)it canbe seenthat C
willbe altered,because19wi.stheisothermalvaluespecifiedherein
ratherthantheadiabaticvalueusedinreference1.

Theleadingtermontherightofequation(31)isthequasi-steady
valueofthecoefficient.As wouldbe expected,positiveacceleration
leadstolargervaluesof skinfrictionthanthequasi-steadyvalue.

Displacaent‘l?biclmess

The displacementthickness5* isdefinedas

——— .—. . —— -.-.— ——-—
f-



or, by we of equatiom (2),(5),(6),and (12),

,.=~f”(+f .)..
o

! Intr0ducir4gequation6(7)and (I-3)gives

m

J-J [XCV* 2(ew - e=)
6*E ~ 2+ ~ 1h + (T - l)M~s- f. da

m
o

or, usingequations(21)to (23],

i usingthe fact (ref.1) that Mm (F - 2u)= - 1.721 and the infomnationgivenin table1,
u-

1
.

The Wet threetermson the rightcorrespondto the compressiblequasi-steadyresult,as canbe
verifiedfor a givenMach numberand temperaturein reference6. The effectsof heattransfer
not onlyaffqctthe qwi-deady resultsthrough C and (9W- @m)/em)but alsoare of impor-
tance in the deviationsfrcunthe quasisteady. For example4if ew < %, a positiveacceler-
ationwillleadtm a thinnerboun~ layerthsathe quasiBteady,as was the casealso for an
insulated-face. However,if ew > em, the bom~ *r will dependon the magrJtudeof the

Mach numberas well as the t~twe difference.

, r L <

3743



Local Rata

The localrate of heat transferis given

of Heat Tran@er

by

using
above

tihedefinitionof the Prandtlnumber
e~ression yields

and equations (2), (3), (S)j (7), and (13) In the

~ (Ow- em)q. -2&

or, usingequations(22)ad (23),

r

Substitutingthe nmerical valuesfrcmtableI yieldsfor Fr = 0.72

‘1-0.- O+ev -e.)J-{~ l--(T-l@&&-~-e-
[ -1[ 11

O.OWS co l+o.2745(r-1)~ * -0.4232$1l-o.5504(r-d&& + . . .

(3s)

The ccwnpreasiblequaei-wkeadyhea;-transferrate is givenby the’firsttwo tem on me
rightsideof equation(33),as canbe seenby ccmparingwith equation(21}of refqrence6.

me detiatio~ frmnthe quasi-steadyre.9d.%Bdepend@n on the -tUde.9 of the tmper-
atme differenceand J&h number. For exemple’,forpositiveaccelerationthe heat-tramferrate
frm the plate is decreaeedif .9V> 8=, but if @v <0. it might eitherbe increaeedor
dec~ased.
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Plate

As 5nexempleof
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OscillatingAbouta SteadyVelocity

theforegoinganalysis,s~ose thattheplateOS- “-
cillatesabouta steadyvelocityas

u=uJl+&sin @t) (34)

wheretheamplitudeofthevelocitgfluctuations& istobe smallrel-
ativetounity.Substitutingequation(34}intoequations(31)and(33)
yieldsto order & 3

Cf= Cfo
[ 11+’6c@n(@t +@

Fto
(35)

and

[ 1q=~1 +&c2sin(LDt - q

where cfo and ~ arethe steady(correspondingto

~) local-skin-frictioncoefficientandheat-trsmsfer
tively,andwhere

C1”‘“’‘305’O(%Y+’&Y]
~=ti-.l.,os(~){l+~(%sl}

(36)

flightvelocity

rate,respec-

,.

(37)

(38}

for P+ +&J

1
(39a)

{

r)0.1385(1+ 0.2746P)~

‘2=
~-l

1 - 2.120f3
( K)7]
1 +-d ~ (40a)

1and,for P = —2.120’

%J+”w’]}c,= 0.09775= (39b)

—
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.

where

15

(40b)

Thequadrantsoftheangles~ and f-P2canbe determinedfromthe
respectivesignsofthenumeratoranddenominatorofthedefining
equations.

(41)

Itis significanttonotefromequations(34)to (36)thatthemax-
imaof skinfrictionandheattransferarenotinphasewiththemaxima
oftheplatevelocity;and,furthermore,theamplitudeofthefluctua-
tionsofthesequantitiesdependsonthefrequency,aswasalsofoundin
reference2.

Notethatequations(35}and(36)givethedeviationsfromthe
steady(ormean)conditionsratherthanfrcmthequasisteadyaswas
thecaseinthediscussionofthegeneralanalysis.me functions Cl

and C2 (whichdefinethemaximnmdeviationsfromthesteady)andthe
phaseanglesCPland Q2 arepresentedinfigure3. Itcanbe seen
fromthedefinitionof Q1 andfigm?e3(a)thatforpermissiblevalues

~ themaximain skintictionwillalwaysleadtheplatevelccity
‘f %
by emglesnotexceedingabout45°. Thephaserelationsbetweenthe
heat-transferrateandtheplatevelocitydependessentiallyontheMach
number,ratioofplateto streamtemperature,andfrequency.ForMach
nmbersnearzero,Q2 beccmessmall,andthemadma ofhqattransfer
andplate
reference

15xlm
nificsnt.

velocityarenearlyinphaseinaccadwiththediscussionin
2.

figure3 it canbe seenthattheunsteadyeffectscanbe sig-
It shouldbe notedfromeq~tions(36}and(39)that C2 be-

ccmesinfinitewhenthesteadyheattransferapproacheszero.Theac-
tualheat-transferrategivenby eqyation(36)is,however,finite.The

functionC2 remainsalmostconstantwith ~ (seefig.3(b)),sothat
w

thenwdmumemplitudeoftheheat-transferfluctuationsisessentially
theqwsi-steadyvalue.

——— -.—— —. —..— —-. ... ..—
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CONCLUDINGREMARKS

Thelaminarcoqressibleboundary-layerflowandheattransferover
an isothermalsemi-infiniteflatplatemovingwitha time-dependentve-
locityhasbeenanalyzed.Thefirst-orderdeviationsofthevelocity
andtemperatureprofiles,skin-frictioncoefficient,displacementthick-
ness,qndlocalheat-transferratefrcmthequasisteadyhavebeencom-
puted;theassociateduniversalfunctionsarepresentedintabularform
for Pr= 0.72.Relativeto quasi-steadyflow,positiveacceleration
resultsinlsrgerskinfkiction,thinnerboundarylayersifthewall
temperatureislargerthanthefree-streamtemperature,andeither
thickerorthinnerboundarylayers(dependingontheMachnumber)ifthe
surfaceisata lowertemperaturethanthestream.Positiveaccelera-
tionresultsinlowerheat-transferratesfromtheplateifthesurface
temperatureis~eaterthanthefreestream,whereaswithlowersurface
temperaturestheheat-transferratewouldbe increasedordecreasedde-
pendingonthemagnitudesofthetemperaturedifferenceandtheMach
number.Hence,theboundary-layercharacteristicsforan isothermal
surfacecanbe considerablydifferentfromthoseforan insulated
surface.

Considerationoftheparticularcaseofa plateoscillatingabout
a steadyveloci~showedthattheboundary-layercharacteristicscanbe
appreciablyalteredby theunsteadyeffects.Furthermore,thqskin
frictionandlocalheat-trarisferrateswerefoundtobe outofphase
withtheplateveloci~forpermissiblevaluesofthefrequencyparam-
eter.Thenwdma of s~n frictionleadtheplatevelocityby smounts
not~eaterthanabout45°. Forsteadylhchnuqbers.nearzero,theheat
transferisalmostinphasewiththeplatevelocity.At higherspeeds
theheat-transferphaseangledependssignificantlyonthesteadyMach
nmber andratioofwallto free-streamtemperateinadditiontothe
frequency.

LewisFMght propulsionLabaatory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,August10,1955

.
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T,t,~

u

U>u

V,v

APPENDIXA

SYMBOLS

acceleration

constantdefinedbyeq.(4)

constantsdefined’byeqs.(37)and(39),respectim~

localskin-frictioncoefficient

specificheatatconstantpressure

relatedto streamfunctionforflatplatein steadyflow

functionsrelatedto
flow,i = O,1, 2,

temperatefunction

functionsrelatedto
i=o, l,2,...

thermalconductivity

Machnwnber

Prandtlnwnber

streamfunctionforunsteady
. . .

relatedto steadyflat-plate

flat-plate

flow

temperatureforunsteadyflat-plateflow,

cwfficient.

locslheat-tmansferrate

functionrelatedtotemperature
in steadyflow

functionrelatedtotarperature

profileforinsulated

forsteadyflat-plate

flatplate

flow

functionsrelatedtotemperatureforunsteadyflat-pl&teflow,
i=(), l, z’,...

the

streamveloci~

velocityin X-

velocityin Y-

inx-direction

andx-~ections,respectively

andy-directions,respectively

—.— . . ... —e . .—-— -- —.— . . . . . ——— —— —-—--
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coordinate along surface

coordinate narmal to surface

constant defined by eq. (Q.)

ratio of specificheats

Misplacementthiclmess

amplitudeofvelocityfluctuations

dimensionlessparameter,n = 0,1, 2, . . .

dimensionlesstemperaturedifference -

(eq.(20))

talperatme

absoltieviscosi~coefficient

kinematicviscositycoefficientoutsideboundarylsyer

*nsi@

dimensionlesscoordinate,~
r

u
~

phaseanglesdefinedby eqs.(38)and(40),respectively

stresmfunction

frequencyofvelocityfluctuations

Subscripts:

VT evaluationat

o evaluationat

m evaluationin

Wall(y=o)

a steadycondition

stream(y+ =)

Subscriptnotation for partial differentiation is used when con-
venient. Frimes denote ordinsry clifferentiation.
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APPENDIXB

INTWRATIONMBI!EOD

Thesecond-orderMfferential.equationsforthetemperaturefunc-
tions(eqs.(26b),(26c),(28b),and(28c))andtheirassociatedbound-
aryconditions(eqs.(27a),(27b),(29a),and(29b)]constitutea two-
pointboundary-valueproblem.Thedifficultypresentedbythefactthat
theboundaryconditionsaregivenattwopoints(U= 0,=)is overccmeby
splittingtheoriginaltwo-pointproblaintotwosingle-pointprobkns.
Tothisend,eachMction ~, hl, so, and S1 is written as the mu

oftwofunctions;forexample,for ~, as

‘1)(u)and h$)(u)aresolutionswherethe ho of single-pointproblems.

The h$} satisfiesthehomogeneousequationwiththespecifiedinitial

conditionplusanarbitraryinitialcondition($)) !(()). ~ rep~c~

potheboundaryconditionatinfini~,andthe h‘2 -a satisfiesthenon-
homogeneousequationandhcnnogeneousinitialconditionsonthefunction
anditsfirstderivative.

Thescaleofthevariableu isthendividedintoequslintervals.
StartingfYm theinitialvaluesofeachpartofeachfunction- forex-

(l)(a)~d h&2)(a) .ample,ho - thevaluesat successivepointsnear

u = O canbe obttinedby expandingtheunknownfunctionina Macl.aurin
series.Thus;thefunctionanditsderivativesareInmwnata succes-
sivenumberofpointsnear U=(). Apolymnial(forthehighestderiv-
ative)canthenbematchedtotheknownvaluesandtothe@own value
atthenextpetit.Thedegeeofthepolynomialandsizeoftheinter-
* dependontheaccuracyrequired.M thisregard,itcanbe stated
thatthesolutionsoftheener~equationsaremoreeasilyobtainedthan
thoseofthemaentumequations,sficea second-degreepolynmialis
matchedatthreesuccessivepointsforthetemperaturefunctions,where-
asa fifth-degreepolynomialwasmatchedat sixpointsinthesolution
ofthemcunentumequations(seeref.1). ~S si?@dficatiOniS consid-
eredwarranted,becausetheenergyeqpationsareoflowerorderthanthe
momentwnequations.However,becausethecurvaturesofthe .90and S1

._ . . ..— .— —— ~——. _— .—...— . .- .——— ——- ---—-—
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.

functionswererelativelygreaterthanthe ~ and hl functions(see
fig.2),itwasdecidedto checktheaccuracyofthethree-pointmethod
describedherein.Accordingly,so anditsderivativeswereobtainedby
five-pointintegrationformulas,andthoseresultsfor so differedby
atmostoneinthefourthdecimalplaceandby twointhefourthplace
for s~ fromthosepresentedherein.

Thepol.ynmialisthenintegratedtoyieldthesuccessivelylower-
orderderivativesattheunknownpointintermsoftheknownandunknown y
valuesofthehighestderivative.Theconditionthatthefunctionand
allitsderivativesmustsatisfythedifferentialeq.mtionattheun-

M

knownpointservesto determinethehighest-orderderivativeand,hence,
thefunctionatthatpoint.Thus,giventhefunctionat a successive
numberofpoints,thesolutioncanbe etiendedtothenextpoint.This
procedureisthencontinuedovertheentirerangeof cr.
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(a)Functionsh.
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u

o
.1
.2
.3
.4

.5

.6

.7

.8

.9

1.0
1.1
1.2
1.3
1.4

L.5
L.6
L.7
L.8
L.9

?.0
?.1
?.2
?.3
?.4

?.5
?.6
?.7
?.8
?.9

5.0
5.1
5.2
5.3
5.4

5.5
5.6
5.7
5.8
5.9
L.o
1.1

H

1.0
.9409
..8818
.8228
.7641

.7058

.6485

.5917

.5364

.4827

.431.1

.3819

.3353

.2917

.2513

.2144‘

.181.1

.1512

.1249

.1020

.Q824

.0657

.0518

.0403

.0310

.0236

.0176

.0131

.0095

.CX)69

.0049

.m35

.0024

.0016

.Oo1.1

.0307

.0W5

.0003

.0Q82

.ml

.Cool

.0000

H’

-0.5912
-.5911
-.5905
-.5887
-.5053

-.5796
-.5713
-.5599
-.5452
-.5269

-.5050
-.4797
-.4512
-.4199
-.3865

-.3516
-.3161
-.2805
-.2458
-.2125

-.181.2
-.K24
-.1264
-.1034
-.0834

-.0663
-.0520
-.0401
-.0306
-.0230

-.0170
-.0124
-.0089
-.0063
-.CW4

-.0030
-.0021
-.0013
-.0009
-.CKM16
-.0004
-.oa32

0

J’Hda= 0.96920

ho
O.ocmoo
.00397
.03732
.00976
.01L22

.o1186

.01L92

.0U70

.O1.146

.01145

.o1183

.01266

.OI.391

.OI.551

.01727

.01904

.02061

.02184

.02258

.02278

.02242

.02153

.02020

.018-51

.01660

.01457

.01252

.01055

.00870

.00703

.00557

.00432

.00329

.00246

.m179

.oo127

.00087

.00057

.CW36

.CKK320

.oaoo9

.cowl

0.04093
.03737
.02915
.01934
.01014

.00300
-.C0135
-.00275
-.00152
.00169

.CX3603

.01057

.01448

.01708

.01796

.01697

.01423

.01092

.00479
-.0CX)82

-.03631
-.0U22
-.01524
-.01816
-.01992

-.02057
-.02025
-.01919
-01760
-.01564

-.01351
-.0U36
-.00933
-.CX1748
-.00588

-.00452
-.00342
-.00254
-.Q0184
-.00134
-.00096
-.0W68

mr ~ da = 0.04425
0

%

0.000oo
.02503
.05004
.07430
.09887

.12167

.14251

.16070

.17562

.18677

.19379

.19657

.19518

.18989

.181L8

.16963

.15591

.14076

.12487

.10887

.09333

.07868

.06523

.05321

.04272

.03374

.02623

.02006

.01510

.011L7

.W812

.00579

.00404

.00274

.00180

.00LLO

.00061

.0W26

.00000
-.00019
-.cm35
-.WU48

0.25019
.25039
.24939
.24500
.23539

.21932

.19631

.16659

.13108
-09127

.04908

.00660
-.03405
-.07092
-.10244

-.12749
-.14548
-.15633
-.16042
-.15850

-.15159
-.14086
-.12749
-.1.1264
-.09730

-.08227
-.06817
-.05538
-.0441.5
-.03461

-.02665
-.02019
-.01507
-.o11o7
-.oam5

-.oowl
-.CCU18
-.00303
-.00221
-.00168
-.00136
-.0WL6

/’
.
hl da = 0.3158

0
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.

!Dl13UlI.-Concluded.FUNCTIONSASSOCIA!l?EOWITH~m PROF~

(b)Functionss.

a $ s’ ‘o s~ ‘1 ‘i
o 0.000oo
.1 .04694
.2 .08754
.3 .12176
.4 .14953

0.50134
.43775
.37395
.30988

0.000oo 0.02248
-.o1217-.24852
-.046-48-.42273
-.09399-.5U508
-.14724-.53969

0.0000Q-0.27540
-.01863 -.09863
-.02027 .06196
-.00719 .18431
.01741 .29163

.5 .17099

.6 .18614

.7 .1%40

.8 .19905

.9 .19766

.18287

.IZL74

.06368

.01006
-.03789

-.20013-.51025 .04987 .35127
-.24794-.44003 .086-43.374C0
-.28721-.34181 .12356 .36311
-.31577-.22761 .15812 .32417
-.33257-.10845 .18770 .26433

-.33761 .00616
-.33176 .10850
-.31651 .19305
-.29384 .25662
-.26591 .29822

.21053 .19060

.22561 .llosl

.23264 .03084

.232(X3-.04225

.22455-.10467

1.0 I .19174-.07898
1.1 .18205-.11227
1.2 .16953
1.3 .15491
L.4 .EKK)5

-.EY732
-.154UL
-.16293

.

L.5 .12261
L.6 .10625
L.7 .09070
L.8 .0761.5
L.9 .06297

-.16462
-.16019
-.15159
-.X5899
-.I.2436

-.23490 .318S5 .21152-.15350
-.20276 .32099 .19434-.18760
-.17119 .30819 .17447-.20734
-.14149 .28445 .15329-.21424
-.11454 .25375 .13199-.21036

-.09085 .21959
-.07065 .18486
-.05384 .15171
-.04021 .12155
-.02841 .09517

.IJL50

.09250

.07544

.06051

.04777

-.19835
-.18Q82
-.16012
-.13820
-.IL657

!.0 .05125
!.1 .04119
!.2 .03259
!.3 .02548
!.4 .01961

-.108@
-.09328
-.07M3
-.06475
-.05254

:.5 .014s5
,.6 .o1121
.7 .0i)822
.8 .00605
.9 .00431

-.04196
-.03295
-.02558
-.01945
-.01460

-.02104 .07283
-.01471 .05’U9
-.Olom .03985
-.00665 .02842
-.00427 .01979

.03714 -.09628

.02844 -.07797

.02146 -.06202

.o1597 -.04S48

.01169 -.03723

.0 .03305I-.O1O82

.1 .0G207 -.CX1790

.2 .CQ143-.00570

.3 .00098-.00405

.4 .00063-.oo2e3

-.00263 .01339 .00s44
-.00152 .00878 .00601
-.00082 .0Q555 .00421
-.00039 .(X)336 .00289
-.00014 .00193 .00196

-.02814
-.02093
-.01533
-.01107
-.~787

.0CO02

.00008

.Ooo1.1

.00012

.Ooo1o

.00009

.00008
0

.Cmol

.00046

.00013
-.03004
-.WCIL2
-.Omls
-.00015

.m130

.0CQ85

.00053

.Cw5f

.00017

.0CQQ8

.Cmo2
h

- bCK)551
-.00381
-.00259
-.00176
-.00KL7
-.00077
-.Cmo51

.5

.6

.7

.8

.9

.0

.1

.00042

.00021

.00013

-.00198
-.00129
-.004)96
-.OCKEO
-.0W37
-.ocm3
-.00019

.0QO02

.00C05
o

J’0

S da=0.2879
0 J soau = -0,4440

0 J slda= 0.3095
0
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Positionofplate
attimeZ= O

z

.

(a)Coordinatesfixedinfluidatrest.
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-. —-- x-- —-.

(b) Coordinatesfixed

Figure1. - Coordinatesystems

inplate.

usedinanalysis.
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